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Abstract
We formulate the topological characteristics of lattice Dirac opera-
tors in the context of the index and the chiral anomaly, and illustrate
this concept by explicit examples.
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In continuum, the Dirac operator of massless fermions in a smooth back-
ground gauge eld with nonzero topological charge Q has zero eigenvalues and
the corresponding eigenfunctions are chiral. The Atiyah-Singer index theorem
[1] asserts that the dierence of the number of left-handed and right-handed
zero modes is equal to the topological charge of the gauge conguration,
n− − n+ = Q : (1)
However, on the lattice1, (1) may not be always well dened. Firstly, a lattice
Dirac operator D may not have exact zero modes with denite chirality even
if D is free of species doubling and agrees with γµ(@µ + iAµ) in the classical
continuum limit. Secondly, the topological charge may not be a well dened
integer for any gauge link congurations. Nevertheless, for any smooth gauge
conguration in continuum, we can construct the corresponding link congura-
tion on a lattice such that the topological charge agrees with that in continuum.
Then we can quest whether (1) holds on the lattice for such prescribed gauge
backgrounds2. With this provision, the assertion of (1) on the lattice only
depends on the topological characteristics, c[D], of the lattice Dirac operator
D. The formal denition of c[D] is
n− − n+ = c[D] Q (2)
where we have assumed that if D possesses exact zero modes, then they have
denite chiralities3. For topologically nontrivial sectors, it follows from (2)
that in general c[D] is a rational number. For the vacuum sector ( Q = 0 ),
c[D] can not be dened by (2), however, we can determine it unambiguously
in the context of the chiral anomaly, as we will show below. In general, c[D] is
a functional of D[U ] and it depends on the background gauge eld nonpertur-
batively. In other words, even if D behaves correctly in the classical continuum
limit, c[D] is not necessarily equal to one. Moreover, even if c[D] is equal to
one for the vacuum sector, it may be zero for topologically nontrivial gauge
elds. In a prescribed gauge background, we can classify any lattice Dirac
operator according to its topological characteristics as follows : If c[D] = 1 (
c[D] = 0 ), D is called topologically proper ( topologically trivial ), otherwise
D is called topologically improper. It is evident that we are only interested in
those lattice Dirac operators which are topologically proper ( i.e., reproduce
the Atiyah-Singer index theorem on the lattice ), at least for prescribed smooth
gauge backgrounds.
1We assume that the lattice is finite with periodic boundary conditions, embedding in a
d-dimensional torus.
2Examples of prescribed background gauge field are given in the Appendix of [2]
3For any normal D ( i.e., DD† = D†D ) satisfying the hermiticity condition D† = γ5Dγ5,
its zero modes have definite chiralities.
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In continuum, the Atiyah-Singer index theorem (1) emerges as the global
constraint to the anomaly equation ( anomalous Ward identity )









where h@µj5µ(x)i is the fermionic average of the divergence of axial vector cur-
rent, +s and 
−
t are normalized eigenfunctions of the zero modes with chiral-
ities +1 and −1 respectively, and A(x) is the anomaly function which can be





where, without loss, we have assumed that the gauge group is U(1), the number
of fermion flavors is one, and the spacetime manifold is a 4-dimensional torus.
Integrating the anomaly equation (3) over the 4-torus, the l.h.s. vanishes
automatically, and the r.h.s. gives the Atiyah-Singer index theorem (1) with













which gives the consistent result Q = 0, after integrating over the 4-torus.
On the lattice, we can derive the anomaly equation [2] analogous to (3).
The general expression for the anomaly function of any lattice Dirac operator







(BD^−1)(x; x) + (D^−1B)(x; x)
]
(7)
where D^ = D +m, and D breaks the chiral symmetry according to
Dγ5 + γ5D = B (8)
where B is an irrelevant operator ( i.e., it vanishes in the limit a ! 0 ). In
general, we can not evaluate (7) to obtain an exact expression in terms of the
gauge background. Nevertheless, summing the anomaly equation (3) over all
sites of the lattice, then the l.h.s. vanishes and the r.h.s. gives






This is the index theorem on the lattice, which provides a global constraint to





A(x) = c[D] Q (10)
which can be used for solving the general expression of A(x).
For any gauge conguration with topological charge Q, it can be decom-
posed into a constant gauge background with topological charge Q plus another
part that produces the local fluctuations. This only amounts to the simple pro-
cedure of adding and subtracting the constant gauge background with respect
to the original gauge conguration. So, we rst consider a gauge background
which has constant eld tensors with nonzero topological charge. In this case,
if we assume that A(x) is constant for each site of the lattice, then A(x) can




In general, A(x) is not constant for any D. However its deviation can only be
in the form of @µGµ(x)  ∑µ[Gµ(x) − Gµ(x − ^)] since its sum over all sites







where Gµ(x) is a functional of D and the gauge conguration. It is evident that
if @µGµ(x) does not vanish identically, D does not reproduce the continuum
chiral anomaly on a nite lattice.
Next we introduce local fluctuations to the constant gauge background,
while keeping the topological charge xed. Then the general solution (12) for
the anomaly function remains in the same form. However, the value of @µGµ(x)
may change with respect to the gauge eld, while the sum
∑
x @µGµ(x) =
0 is still satised. In other words, even if @µGµ(x) is innitesimally small
in constant gauge backgrounds, it may become nonzero and fluctuates from
positive to negative values across the sites, after the local fluctuations of the
gauge elds are turned on. This seems to be inevitable especially when the
local fluctuations of the gauge elds become very large. If we keep on increasing
the roughness of the gauge eld, D may undergo a topological phase transition,
and c[D] becomes another integer or fraction ( e.g., see Table. 4 in ref. [2]
). For the vacuum sector, Q = 0 but (x) 6= 0, one always has the freedom
to redene c[D] by changing @µGµ(x). Nevertheless, we can limit c[D] to two
dierent cases : (i) If A(x) is in good agreement with (x) for all sites, then
we can set c[D] = 1, hence, @µGµ(x) ’ 0; (ii) Otherwise, we set c[D] = 0 and
@µGµ(x) 6= 0. Then (12) constitutes the general expression for the anomaly
function of any D in any prescribed gauge background.
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It is straightforward to generalize above analysis to nonabelian gauge the-
ories with any number of fermion flavors. A remarkable feature of (12) and
its generalizations is that the lattice anomaly function ( e.g., for flavor singlet
axial vector current in lattice QCD ) which in general does not have exact so-
lutions, however, can be expressed in a closed form in terms of the continuum
Chern-Pontryagin density times a rational number c[D], plus the "removable"
divergence term @µGµ(x).
In the rest of the paper, we will illustrate the non-perturbative nature of
c[D] by explicit examples. First, let us consider the massless Wilson-Dirac




[γµ(rµ +rµ)− rwrµrµ] (13)
where rµ and rµ are the forward and backward dierence operators dened
as follows.
rµ (x) = Uµ(x) (x+ ^)−  (x)
rµ (x) =  (x)− U yµ(x− ^) (x− ^)
According to (7), the anomaly function can be written as





4 tr[D−1W (x; x)γ
5]− tr[D−1W (x; x+ ^)γ5Uµ(x)]
− tr[D−1W (x+ ^; x)γ5U yµ(x)]− tr[D−1W (x− ^; x)γ5Uµ(x− ^)]
− tr[D−1W (x; x− ^)γ5U yµ(x− ^)]
}
: (14)
It is well known thatDW does not possess exact zero modes in any topologically
nontrivial gauge elds. Then, according to (9),
∑
xAW (x) = 0, thus AW (x)
cannot agree with (x) at each x, since (x) satises
∑
x (x) = Q 6= 0. In
fact, for constant background gauge elds with nonzero topological charge,
AW (x) is very dierent from (x) ( e.g, see Fig. 1 in ref. [2] ). Thus DW is
topologically trivial in the nontrivial gauge sectors, i.e., c[D] = 0, and AW (x)
can be expressed in the form of (12), AW (x) = ∑µ[Gµ(x) − Gµ(x − ^)] 6= 0.
For the vacuum sector with Q = 0 but (x) 6= 0, one may wonder whether DW
can reproduce the correct chiral anomaly on a nite lattice. For simplicity, we




























Here we use the same conventions for the gauge elds as Eqs. (7)-(11) in
ref. [4], and follow the same procedures to construct the link variables. In
4
Fig 1, we plot AW (x) for each site of a 12  12 lattice, comparing with the
Chern-Pontryagin density on the torus, for a background gauge eld with
zero topological charge ( Q = 0 ) but having local sinusoidal fluctuations with
amplitudes and frequencies specied by A
(0)
1 = 0:3, A
(0)
2 = 0:4 and n1 = n2 = 1,
and harmonic parts h1 = 0:1 and h2 = 0:2. It is obvious thatAW (x) completely
disagrees with the Chern-Pontryagin density. The discrepancies are due to the
presence of the fermion doublers which decouple completely only in the limit
a ! 0. Since AW (x) is very dierent from (x), it is reasonable to assign
c[D] = 0, and to regard AW (x) only due to the term @µGµ(x). Therefore we
conclude that DW is topologically trivial for any background gauge elds, i.e.,
c[D] = 0, and its anomaly function can be expressed in the form, AW (x) =
@µGµ(x) 6= 0.
Next we construct a lattice Dirac operator which can serve the purpose to
illustrate the nonperturbative nature of c[D]. It satises the Ginsparg-Wilson
relation [5], Dγ5 + γ5D = 2rDγ5D, and its explicit form is
D =
[
r(BBy + r2)−1 −B(ByB + r2)−1








w −pw2 + w t2 w−1
)−1
t (18)
t =   t = ∑
µ
µtµ (19)






















2x,y − Uµ(x)x+µˆ,y − U yµ(y)x−µˆ,y
]
: (24)
The anomaly function of D is
AD(x) = 2r2[(BBy + r2)−1 − (ByB + r2)−1](x; x) (25)
where (7) has been used.
In the free fermion limit, D [ Eq. (17) ] is free of species doublings at
finite lattice spacing and agrees with γµ@µ in the classical continuum limit [6].
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Furthermore, there exist a range of positive values of r such that D(x; y) is
local but not  x,y on a nite lattice, provided that the fluctuations of the
gauge background are not too violent. So, from the viewpoint of perturbation
theory, we would expect that D will reproduce the correct ( perturbative )
chiral anomaly in the vacuum sector on a nite lattice. Our expectation is
indeed realized, an example is shown in Fig. 2. It is evident that AD(x) is in
good agreement with (x). Therefore we can assign c[D] = 1 and @µGµ(x) ’ 0
in the vacuum sector. However, the criteria in the free fermion limit are not
sucient to gaurantee that D will also reproduce the correct chiral anomaly in
topologically nontrivial background gauge elds. In fact, D does not possess
any exact zero modes in the topologically nontrivial sectors, hence, c[D] = 0.
This demonstrates that c[D] is equal to one in the vacuum sector but becomes
zero in the topologically nontrivial sectors. There are many ways we can
understand why the index of this D [ Eq. (17) ] must be zero, however, in
general, we cannot predict the value of c[D] in the topologically nontrivial
sectors solely based on the properties of D in the free fermion limit or in the
vacuum sector. This provides a counterexample to the folklore that a lattice
Dirac operator would reproduce the correct chiral anomaly if it is local, and in
the free fermion limit it is free of species doublings and agrees with γµ@µ in the
limit a! 0. Now we see that it may not be always true if the gauge background
is topologically nontrivial. This indicates the nonperturbative nature of c[D].
At present, we do not know of any criterion which can gaurantee that c[D] is
equal to one in the nontrivial gauge sectors.
In summary, we have formulated the topological characteristics, c[D], of
any lattice Dirac operator D in the context of its index [ Eq. (2) ] and chiral
anomaly [ Eq. (12) ] in a prescribed background gauge eld. In general, c[D] is
a rational number, a functional of D and the gauge eld conguration. It is a
nonperturbative attribute of D, which does not seem to have any counterparts
in continuum formulations. It comes with the lattice regularization and retains
its traces even in the limit a! 0.
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( x2 - 1 ) N1 + x1
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Figure 1: The anomaly function AW (x) [ Eq. (14) ] of the massless Wilson-
Dirac operator DW [ Eq. (13) ] is plotted for each site x = (x1; x2) on a
12  12 lattice. The Wilson parameter rw has been set to 1:0, and there is
no signicant changes to AW (x) by tuning rw. The background U(1) gauge





2 = 0:4 and n1 = n2 = 1. The anomaly function AW (x) is denoted by
squares. The Chern-Pontryagin density is plotted as circles which are joined
by line segments for the visual purpose.
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Figure 2: The anomaly function AD(x) [ Eq. (25) ] of the massless Dirac
operator D [ Eq. (17) ] is plotted for each site x = (x1; x2) on a 1212 lattice.
The value of r in D has been set to 0:4, and there is no signicant changes
to AD(x) for r in the range  0:2 to  0:8. The background gauge eld is
the same as in Fig. 1. The anomaly function AD(x) is denoted by triangles.
The Chern-Pontryagin density is plotted as circles which are joined by line
segments for the visual purpose.
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